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Abstract. Explicit formulae are given for the expression of multiple-sum zeta functions
with arbitrary exponents of the type

o

Y Aanfibl . ani)T
1

L RRTEN nN=
and
o
Y {anft taunPHa)
Ay, iN=0
where a;, a>0, j=1,..., N, in terms of Riemann and Hurwitz zeta functions.

1. Introduction

Zeta function regularisation of functional determinants is becoming a very important
tool in mathematical physics. Let us just mention its uses in quantum field theory in
a curved spacetime, in the mathematical calculations involved in string theory, in the
computation of anomalies and of effective potentials in the quark confinement problem,
and in the evaluation of the partition function for quantum mechanical systems. The
number of papers which deal with the zeta function method is increasing rapidly. Here
we shall restrict ourselves to the last of the applications just mentioned. Also, the
systems to which the methods studied in this paper can be applied will be only the
special ones where all the eigenvalues of the Hamiltonian are known exactly.

As described by Actor [1], the partition function for a quantum mechanical system
with discrete energy levels E, > 0:

Z=Tr(e )= Y e #5 (1.1)
n=0
has a high-temperature expansion in terms of the zeta function of H:

{n(s)= ZOE;S. (1.2)

n=

In the cases generally considered, the series (1.2) is bound to converge absolutely for
Re(s)> ¢> 0 and the zeta function is used in order to analytically continue the series
on the rRHs of (1.2) to all values of s by a meromorphic function.
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In the simplest case when H corresponds to a harmonic oscillator, the energy levels
are E, =(n+a)w, and one has

Ln(s) = Zo<n+a>”w*~i | (13)

For N non-interacting oscillators the Hamiltonian zeta function (1.2) is

<

w(s)= Y (mo+...+nyoy+a) (1.4)

ny,eann=0

These are the more immediate cases. However, during the last few years the study of
quantum field theories on partially compactified spacetime manifolds has become
important in various domains of quantum physics, such as in the study of dimensional
reduction and spontaneous compactification, in the study of quantum field theory in
the presence of boundaries (the celebrated Casimir effect) and, in general, in the study
of quantum field theory on curved spacetime (manifolds with curvature and non-trivial
topology), a step towards quantum gravity.

There are many interesting calculations of effective potentials which can be done
exactly and in a very elegant way by using the zeta function method. The usual
compactifications studied are the toroidal (spacetime R"x T™) and the spherical
(spacetime R" x S™), an important reason for it being that of mathematical simplicity.
Noting, however, precludes the possibility of having to consider other compactification
manifolds, as string theories seem to indicate. In the case of toroidal compactification
one has to deal with expressions of the form (1.4) but quadratic in the n,. For instance,
the zeta function for the vacuum scalar loop on R" x TV is of the form [1]

o
ING)=A(s) Y [am=b)’+.. . +(ayny—by)+ 717V (1.5)
Ry ey ny=—0c0
This zeta function is very difficult to evaluate. In the particular case a,=...=ay,
c=0,and b,=...=by =0 or 3, it is an Epstein zeta function which, in some cases,

can be expressed in terms of Riemann zeta functions. More general cases (in particular,
when the a; are not equal or when ¢ is non-zero) have not been treated because of
the great difficulty in evaluating the zeta function.

In the cases of manifolds with non-toroidal compactification the expression of the
zeta function is even more involved [1]. So, in the case of spherical compactification,
which has also been extensively considered, one has to deal with polynomials in the
n; (with different values for the q; if the N-sphere turns into an ellipsoid).

As remarked by Actor [1,2], a basic issue in the zeta function regularisation
programme is the evaluation of the above-mentioned types of zeta functions involving
multiple summation indices—and depending on several parameters—in terms of the
most simple zeta functions available. These are the Riemann zeta function:

L(s)= 21 n® (1.6)

and the Hurwitz (or generalised Riemann) zeta function:

o0

{(s,a)= ) (n+a)™" 1.7

n=0
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In [1, 2] the binomial expansion has been repeatedly used in order to perform such
evaluations. In particular, the following expressions have been obtained:

Oi (m+bn)"*

mn=1

= (=17 (s~ DT A=bTHE(s = 1) =51+ 57)E(s)
- 2<;S)(b—1)"(b_s_"—1){(—n)§(s+n) (1.8)

valid for 0< b <2 (with a corresponding expression being valid for 3< b <+00), and

Y (m+n+c)=¢(s—1,¢)—(1+c)(s,c)+c " (1.9)
mmn=1
Actually, this last expression (1.9) had been previously derived in [3] by employing a
quite different procedure, which makes use of an integral representation of the gen-
eralised Riemann (or Hurwitz) zeta function.
Making repeated use of the binomial expansion and also employing the Euler-
Maclaurin formula, the preceding results (1.8) and (1.9) can be easily extended to the
evaluation of multiple-sum zeta functions of the form

oC

Y (aym+...+ayny+a) " f (). (1.10)
Ny nn=0

However, the expressions that one obtains in this way are rather lengthy. In 82 we

shall provide alternative formulae for these multiple-sum zeta functions.

Although expression (1.10) is indeed the general form zeta function characteristic
of multiple harmonic oscillators, it turns out, however (as has been discussed before),
that physical problems formulated in partially compactified spacetimes involve series
of the kind

X0

Y (anfrt. .+ ann ) () (1.11)
ny,.., ny=1
and
Y _O(aln{'1+...+aNn7VN+a)_sf(n,~). (1.12)

These series may be viewed as types of generalisations of the Epstein zeta function.
As remarked by Actor [1], the only use one can make of the binomial theorem in this
case is to express (1.11) and (1.12) in terms of series of the form

<
Y n"(n*+mP)y (1.13)
nm=1
But here neither of the two terms is guaranteed larger than the other and the binomial
theorem cannot be used anymore in order to separately evaluate the sums in (1.13) in
terms of Riemann zeta functions. This will be resolved in § 3.

2. Zeta functions for non-interacting oscillators

An alternative to the binomial procedure is to make use of our original method [3],
which had already led us to (1.9) (in a much simpler case). Let us consider in this
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section the case of a system of N non-interacting harmonic oscillators. The eigenvalues
of the Hamiltonian are

an+...taxny+a n,eN (2.1)

where the constants a;>0 are the frequencies w; in (1.4). From now on we shall
employ this more abstract notation, in line with (1.10)~(1.12). The partition function
is

Z(t)=Tr(e™"™)

o

=e™ Y exp[—t{ajn+...+ayny)]
Ny, ny =0
N

=e” ] (1-e"%)"", (2.2)
j=1

By making use of the Mellin transform, the zeta function can be written as

X

tu(s)= Y (aym+...+axny+a)™*

My =0
1 )

=I‘(s) nh”_’Z:N:O J'O det*texp[—t(an;+...+ayny +a)l

1 J'°° s—1 _—at N —at\—1
T derle jl;[l(l—-e i) (2.3)

0

for Re(s)> N and 0<a<1. We shall now develop two different procedures for
evaluating the zeta function (2.3).

2.1. First procedure
Let us order a, = a,=...=ay and expand Z(¢) by

N
H (1 _e—ajr)—l
Jj=1

N
(l _e—ajt)—l+e—alt H (1 _e—-ajr)—l =, . = (l _e—aNt)-—l
j=1

[

J
N-1 N
+ Y e J] (1—e™%)7L (2.4)
k=1 j=k
Dividing once more by ay, and renaming

b=a;/an j=12,...,N-1 b=a/ay (2.5)

after substitution of (2.5) into (2.3) and integration, we obtain the following expression:

N-1 '
gH(s)=a;’(§(s,b)+k§1 g(s’b+bk)+,< > _lg(s,b+bk+b,,)+...

ksh<N

+ Y L(s, b+bk1+...+bkp_l)+Rp(s)) (2.6)

1sky<..<k, ;<SN-1
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with

o N
R,(s)= 1 Y J dtt*Vexp[~(b+by+...+b )] ] (1—e7%)7"
F(S) 1=k =<...<k,sN-1Jg¢ 4 j=k,
(2.7)
This formal procedure can be rigorously justified as is easily seen from the expression
of the remainder (2.7). In fact, let us show that for Re (s)>2(N —1) we have that

R, 0 as p->o0. Choose ¢ such that 0< e <1 and divide R,(s) into two parts, Rf,”(s)
and R(s), corresponding to [ =f;+f. We have

K &
|R(”(s)|<r() N'ZJ dtts'e P N(1+iND)
0

—— [[(s=N)p*PNDLINT(s~N+1)p N 3]150

F( )

p->c Re(s)>2(N —1). (2.8)
Moreover
R <pr P 1 =eT) fdrt”‘e“"

=K(1-¢ *) Np—**N2590 p->© Re(s)> N-2. (2.9)

The series obtained by substitution of (2.4) into (2.3) is absolutely convergent for
Re(s)>2(N —1) and its analytic continuation is thus given by (2.6) for any value of
s (R,(s) being understood as the corresponding analytic continuation of (2.7)).

Summing up, the multidimensional zeta function (2.1) can be written in terms of
Hurwitz zeta functions as follows:

) o<
Y  (aim+...+awnn+a)=ay ), Y {(s,b+b,+...+b)
MY prees nn=0 p=0l=sk=s. <k, <N-1 ?
(2.10)
a=a=...zan>0 a>0 b.=a./axn b=a/ay.

This expression involves an analytic continuation on the variable s. That is, even
though the integral representation (2.3) was valid only for Re s > N, (2.10) is valid for
any value of s.

In the particular case a,=...=ay, we obtain

x s & (N+p-2

Y 0[al(nl+...+nN)-i-a] =aqj ZO< pp ){(s,a/a1+p) (2.11)
Ny AN = p=

which, for N =2, can be written as

i [a(m+n)+al 7 =a;°[{(s—1,a/a;)—(a/a,-1){(s, a/a,)] (2.12)

m,n=0

thus recovering expression (1.9) (see [3]).
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2.2. Second procedure

Though very simple and convenient for the treatment of the zeta function (1.4), an
important shortcoming of the preceding procedure is its lack of flexibility, namely it
cannot be generalised in a natural way in order to treat the cases given by (1.10)-(1.12).

Let us begin by deriving a second expression for the zeta function (1.4) and by
extending it then to the case of (1.10). The zeta functions (1.11) and (1.12) will be
dealt with by this second method in the next section.

Turning back to (2.3), we shall now interchange the summations over the n; and
k, being the last of the series expansions of the exponentials in (2.3). On doing this,
additional terms appear, as has already been proved in the literature (see, for instance,
[4]). 1t is not difficult to provide a direct derivation of the additional terms which
appear in our case (2.3). Either by this direct calculation or as a special case of the
lemma of the next section, we have that if

Sn= ¥ em=os
" (2.13)
coo2Ente , =U-k,
Si=Y - X n=L 5
then
Si(t)=8(1)+1/¢ (2.14)

which coincides with the result obtained in [4] with the help of the Cauchy formula.

Now, by performing the series expansion in (2.3) step by step and by interchanging
at each step the order of summation using (2.14), we obtain the following explicit
formula (with b;=a;/an, j=1,...,N—-1, b=a/ay):

- ("bj,)k"
Z] ) (T 5(—kj,)>

1 N-1

Yy X I

p
a";VF(S) p=0 Cnoy,p r=1 kjl ..... k‘r 0

{u(s)=

><F<s+ﬁkjr+p+l—N>§(s+f kjr+p+1—N,b) (2.15)
r=1 r=1

where 1<), <...<j,< N -1, and where 2, means sum over all such selection of
p numbers. In all, there are 2™¥~' terms, and each of them is a multiseries involving
the well known Riemann and Hurwitz zeta functions.

The proof that the series one obtains from (2.3) (before analytic continuation) by
this second procedure is absolutely convergent is very similar to the one developed
before ((2.8) and (2.9)). By estimating the remainder of the series (which, for a product
of exponentials, is also of exponential type) and by integrating it in ¢ one shows, as
before, that for Re(s)> 2N the series is absolutely convergent. However, the conver-
gence of the series of analytic continuations is not that immediate in this case. Practical
applications of formula (2.15) (in particular to the direct calculation of Casimir energy
densities by direct summation over the zero modes) have shown that it is, in fact,
convergent in some cases while in others it is only asymptotic. In these latter cases,
taking a finite number of terms (=10) we have obtained a very good numerical accuracy
(=107 in relative magnitude) and a remarkable stability of the asymptotic series [5].

This second procedure is immediately generalisable to the expression (1.10) with
f(n;) a polynomial in the n; (these are actually the cases which come out in practice
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[1,2]). In fact, let us write

f(n) = Zl c,lm,Nn’l'...n’,?,‘. (2.16)

1oy N

Then the result is very similar to (2.15):

()= Loany I % (k)

NF(S) ,,,,, P=0 Cniypr=1k; s
2. P
xF(s+Z kjr+p+1—N>§<s+z kj’+p+l—N—lN,b). (2.17)
r=1 r=1

Notice, moreover, that the other, more simple, equation (2.9) obtained by the first
procedure cannot be generalised to this case where f(n;) # 1. Concerning the conver-
gence of the series (2.17) before and after analytic continuation, the same considerations
as above apply here.

3. Zeta functions with arbitrary exponents

Let us first recall the toroidal zeta functions, which were studied by Epstein [6, 7]. In
the notation of Actor [8], they are

o

Zy(s)= Y (ni+...+n})"° (3.1)
Yn(s)= X [(m+d)+. . +(nn+9)°° (3.2)
where the prime means that the term n, =...= ny =0 is to be omitted in the series (3.1).

Before we attack the general multiple series (1.11) and (1.12), let us concentrate
on the case

My(s;a, by, B)= Y (an®+bmP)~* a,b>0. (3.3)

nm=1

The strategy will be, once more, to make use of the Mellin transform in the zeta
function [3]. We get in the present case

Mi(s) =— [f v k(f)k (- k)rdzz“k-l (-mP1)
2(5)—br & b {(—a . exp(—-m
+ i jwdtt‘_lf[,(t) exp(—th):’ (3.4)

where the second term is the additional term which appears on interchanging the order
of summation, i.e.

S.(1)=8,(1)+£. (1) (3.5)
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where
So(1)= X exp(-n®1)
n=1
(3.6)
~ b (_t)k b k i {(—ak) k
S.(t)= n* = —-1)"
W= 5L Y
The following lemma generalises a result due to Weldon [4].
Lemma. The difference f,(t) between these two series is given by
1 1 —1l/a
L) =—T|= 7"+ A,(2) (3.7)
(24 4
where (i) for —oc < a <2 one has
A, (t)=0 (3.8)

(ii) for @ =2, it is

1/2 2
Ay (1) = —(7{> Sz(%‘) (3.9)

and (iii) in general, for any value of a =2, A,(#) is a small contribution as compared
with the main term in £, (z), (3.7) (for instance, A,(1) <107%).

Proof. It makes use of complex integration and follows the same steps as in [4].
Consider the function

8
=

e

Sa(ta S)—'

aeR. (3.10)

nln k=0

The series S,(¢) above is to be interpreted as the analytic continuation of S,(z, s) to
s =—1. Now, notice that S,(¢, s) converges for Re(s)>0 large enough. We can write

S.(t,5)= f n3+1 5EC dk t*n=*T (k) (3.11)

n=1 27Tl

where contour C consists of the straight line Re(k) = ko, with k, fixed, 0<k,<1, and
of the semicircumference at infinity on the left of this line. Going through the same
steps as in the paper by Weldon [4] we end up with

e o]

N

(1, s)= ak)+-1—F(——) “Ve_AL(1,5) s/agN (3.12)
a a

where A, (¢, s) is the contribution of the curved part C, of the contour C:

Aa(t,s)EJC ;E,g(s+1+ak)l“(k)tk. (3.13)

i

For a <2, it can be seen that this integral vanishes as the radius of the contour tends
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to infinity. In contrast, for a =2, using the standard refiection formula
1 —
F(;){(z) - 77’"”21“(-—2—Z>{(1 ~2) (3.14)

we obtain

Az(t)=A2(t,s=—1)=(1’>1/zs<1’—2). (3.15)

t t

This contradicts the affirmation of Weldon that his formula was valid for any a eN
[4]. In fact, Actor had already noticed that this claim of Weldon was wrong but had
not managed to obtain the missing term [9].

Finally, for large «, we find

Aa(t)=<l—§)f;sa[<%>a:l. (3.16)

Thus, interpreting S, (t) (and S,(1)) as the analytic continuation of S,(z,s) (and of
the corresponding expression with summations interchanged) to s = —1, we have proved
the lemma.

These formulae (3.5) and (3.7) can be viewed as the prescription for zeta function
regularisation to be applied to expressions like (1.11) and (1.12). In words the
prescription is: (i) use the integral representation in terms of the gamma function, (ii)
expand the exponentials in the integrand, (iii) change the order of summation step by
step, (iv) zeta-regularise the new series, and (v) add a term I'(@)/(at'*)+A,(f)
(remember that A is a small contribution) in the integrand at each step, which
contributes to the following steps. Equation (3.4) gives finally

< I'(s+k) (—a)*

M(s;a,b; e, B)= Y. S S (- ak)(B(s++ K))

Irl/e)f(s—1/a)
ab’T'(s)

{(B(s—-1/a)) (3.17)

having neglected the A term.
Of course, the roles of a and b and of o and B in this expression can be
simultaneously interchanged, i.e.

MZ(S; b,a;B,a)=M2(s; a, b;as ﬁ)- (3'18)

Equation (3.17) is the desired expression which gives the zeta function with arbitrary
exponents (3.3) in terms of a series of ordinary Riemann zeta functions. It is to be
compared with (1.8), which it very much resembles.

Let us now turn to the case

Mi(s;a,b; e, B)= Y (an*+bmP+c)”° a,b,c>0. (3.19)

nm=1

By making use again of the integral representation of the zeta function [3] and of the
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preceding manipulations, we obtain
M;(s; a,b; a, B)

% D(s+k) (-a)*
~k = k'F(S) bs+k g( ak)[{(B(S‘Fk) c/b) (b/C)B( )]

LRI V) a5 170y, ¢/b) - (b c) P61, (3.20)
ab’I'(s)

Let us now develop in detail the three-dimensional case. With two successive
applications of the procedure, one gets

O

Y (anfr+amni+asng)™

ny,nz,nz=1

k
a3F(s) <"znzs 1 k= 1)
XJ d: t5+k,—1 exp[—t(bzn‘z"2+ bangg)]
0
F 1/a ©
a(lb/l/;) nzé ljo depmt/e lexp[ t(bsns 2+b3n33)]>
1 o =] ( ~b )k ( bz)k
- k
a3l'(s) (n3=1k,,k2 o k! = {(mak){(=azk,)

s o]
X J degsthatket exp(—n?ﬁt))

]

Iﬂ(l/f’lz)

b k, © e .
i t/a, E Z ( ) — (- alkl)J de R (/e " exp(—n3a1)
a 2022 21 k2o 0
ra b
a( b/lc/li) Zl kz ( 2 l( azkz) J‘ d[ ts+k (l/al) lexp( n33t)
1 ns 2

I
‘———(lﬁl)‘a(b/lii) )) J de o~ V/e0=0/a) " exp(—ngar)
a n 0

3=1

=__1___< g (=b)" (=by)"
asl(s) \ -0 k! k!

XT(s+ki+ k) (—a k) (—arko){(as(s+ K, + kz)))

o0 fa— kl
+LWad) § O bk 1/ ag)e(-ank) ¢ as(s+ki=1/a)
ayby 2 2o k!

r(1 x (=by*
+e) § C k- 1/a ) ek as(s+ k= 1/a0)
a0, k=0 b

LA/ Tr0) p o 1/ag(as(s—1/a-1/an))  (3.21)
a;b; “ra,by ™2

where bj= j/a3,j=1,2.
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In the general case, for the expressions (1.11) and (1.12) with f(n;) =1, we obtain
the explicit formulae

M(ssay,...,an; @1,..., ON)

L) s bl E £ 2)
. 1131 [ kj,! ay 4 aj‘kj’) lovlsr lgl kj' rgl «;,

(3.22)

with 1si<... <, <KN-1, 1sj<...<jy_po1sSN-1, being i,...,0,/1,...,
JN-p—1 @ permutation of 1,2, ..., N—l The sum on Cy_, , means sum over the NN
choices of the i;,...,i, among 1,..., N—1.

As in the case considered in § 2 ((2.15) and (2.17)), it is here also immediate to
obtain the formula corresponding to (1.11) with f(n;) of polynomial type (2.16).
Moreover, the discussion on the convergence of (2.15) before and after analytic
continuation can be transported here in the same terms: the series (3.22) is proven to
be absolutely convergent, before analytic continuation, for a value of s with Re(s)>0
large enough. However, after analytically continuing in s, the series (3.22) is, in general,
only asymptotic. As for the applications of these formulae for general «; we refer the
reader back to § 1.

Let us finally consider expressions of the following type, which give a result similar
to (3.22):

M(s;ay,...,an; @1, ..., ON)

0

Y (@it tann o)

nyennn =1

i

1 N-1

I

i

aNF(S) p=0 C;

0 N-p—1 7 1
SRR AR Y
K ok = =1 r=10Q;
7y IN-p-1

R O IS F{ CN CE R P e
I=1 k! an g % j[) g N lgl jl_r=1 ai,)’ aN)

¢ a,\v(s+2r;'lp“kjl—2f=ll/ﬁ,r)
- . (3.23)
an

With a little more effort we can also calculate (1.12) (with f(n;) =1, in the polynomial
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case, the result is very similar):

Nc(s;ala""aN;a19"'3aN)

x
Y AanP+. tawn N te)”

Ny ey nn=0

=Mc(s;als"'5aN;a1)""aN)

N
. A . A
+Z M (S,al,...,aj,...,aN,al,...,aj,...,aN)
j=1

N

ol . A A R
+ Y M(s;ay,...,48,...,46...,4N;
Jk=1
ik
A A ' -5
Apyoney @iyuny Gry.nany) ..t (3.24)

where, as customary, the ‘hat’ over a variable indicates its absence.
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